We present our studies of four-jet double parton scattering production in protonnucleus collisions within the framework of the PYTHIA8 event generator. We demonstrate that double absorptive processes in pA generated by the Angantyr model in PYTHIA8 give an enhancement of the total double parton scattering cross section similar to the predictions by Strikman and Treleani in 2001. Additionally, we discuss how the growth of activity in a direction of a nucleus affects an A-scaling of a total double parton scattering cross section in proton-nucleus collisions.
Introduction
Despite a significant progress in both theoretical and experimental studies of QCD, many of its aspects still require further detailed investigation. One of the possible keys to a deeper understanding of QCD and a structure of hadrons is the study of so called double parton scattering (DPS), a process when two hard interactions occur in a single hadron-hadron collision. Various studies of DPS performed at proton-proton (pp) and proton-antiproton (pp) colliders suggest the presence of partonic correlations which leads to small values of the effective DPS interaction area, σ ef f . The nature of these correlations is still under debate and is obscured by the difficulties involved with disentangling different sources of parton correlations. As a tool for gaining further insights, Strikman and Treleani proposed to study DPS processes in proton-nucleus (pA) collisions [23] which would allow the separation of transverse from longitudinal parton correlations according to the different A-dependence of the corresponding contributions to a total DPS cross section. This idea got a further development in [24, 25] and found some phenomenological applications in a series of works [24] [25] [26] [27] [28] [29] [30] [31] .
While a significant progress in a theoretical description of DPS in pA collisions have been achieved, a framework for realistic simulations of DPS in pA collisions has been lacking. In this paper we compare predictions of the Strikman & Treleani model against predictions of the Angantyr model of pA collisions [50] recently implemented in the PYTHIA8 event generator [51, 52] . We discuss in detail the differences and similarities between the models and demonstrate that the Angantyr model gives predictions similar to those given by Strikman and Treleani. Since Angantyr takes advantage of the entire PYTHIA machinery, including multiple parton interaction (MPI), initial and final state radiation and many other effects, we therefore conclude that it can be used to give realistic Monte Carlo simulations of complete four-jet DPS production events in pA collisions. This paper is organised as follows: in Section 2 and Section 3 we briefly sketch out the Strikman & Treleani and Angantyr models respectively, in Section 4 we provide our simulations for the four-jet DPS production in pA collisions and compare them against predictions made within the framework of Strikman and Treleani and in Section 5 we summarise our results and discuss some further perspectives of DPS modelling in pA collisions. 
Strikman & Treleani model
The composite nature of a nuclear target leads to various DPS contributions which are absent in pp (pp) collisions. Apart from the "standard" DPS process in shown in Fig. 1  a) , one can have a DPS process involving one incident proton and two different nucleons, as schematically shown in Fig. 1 b) . In the following we will refer to processes in Fig. 1 a) and Fig. 1 b) as to DPS I and DPS II contributions respectively.
Since DPS I and DPS II contributions involve different number of nucleons it is quite natural to expect a different dependence of the corresponding total cross sections on an atomic mass number 1 A. In 2001 Strikman and Treleani have published the pioneering work [23] where expression for the total cross sections for DPS I and DPS II processes were given for the first time. Within their model a total DPS cross section for pA collisions, assuming no interference between both DPS processes, can be written as a sum of two terms
where σ DPS I can be expressed, neglecting a difference between proton and neutron, in terms of a total DPS cross section for pp collisions as
where σ ef f is an effective DPS interaction area and we use 1 + δ ab in denominator in order to reflect the fact that one has to divide a total cross section by 2 for production of two indistinguishable final states. We see that σ DPS I scales simply as a total number of nucleons A. The DPS II contribution, however, scales differently. The expression for σ DPS II was found to be equal to
1 To the best of our knowledge, a similar but somewhat different assumption was first made by Goebel, Halzen and Scott in 1980 [22] . Namely, it was postulated that total cross sections for DPS and "standard" single parton scattering processes in pA collision will have a different A-dependence. However, no distinction between DPS I and DPS II contributions was made and corresponding expressions for total cross sections were not provided.
where
and the factor (A − 1)/A is the number of possible nucleon pairs A(A − 1) divided by A 2 which comes from normalization of a two nucleon form-factor 2 and T A is a nuclear density function ρ A (r) integrated over a longitudinal coordinate
where ρ A (r) obeys a standard normalisation condition
Note that only the DPS I contribution depends on σ ef f which, in turn, is sensitive to partonic correlations in a transverse plane of a hadron, see [24, [35] [36] [37] [38] [39] [40] [41] [42] 45 ] and the review [46] . Combining DPS I and DPS II contributions together one can write Eq. (1) as
We see that within Strikman & Treleani approach one can express the difference between σ DPS pp and σ DPS pA solely in terms of a geometrical quantity T A (s) which, in turn, depends on a distribution of matter in a given nucleus. In order to perform numerical evaluations with this formula one has to specify a form of the nuclear matter density function ρ A which we choose to have a shape of the Woods-Saxon potential [47] ρ A (r) = ρ 0
where R A is a nuclear radius, a is a length of smearing of a nuclear surface, ω describes a deviation from a spherical form and a value of ρ 0 is fixed by Eq. (6) . If one consider a spherical nucleus the Woods-Saxon nuclear matter density function reduces to the Fermi distribution
In order to perform numerical evaluations we need to choose a special parametrisation of a nuclear matter density. In this work we use a parametrisation of the GLISSANDO 2 code [48] (the same parametrisation as in PYTHIA8). Namely, for nuclei with mass numbers in a range 4 ≤ A ≤ 208 we use Wood-Saxon (Fermi) profile given by Eq. (9) with
which corresponds to spherical nuclei with a nucleon-nucleon (N N ) repulsion distance equal to d = 0.9 fm. 2 The factor (A − 1)/A was absent in the original publication of Strikman and Treleani [23] . It was also absent in a work of Cattaruzza, Del Fabbro and Treleani [27] which followed [23] . To the best of our knowledge, this factor appears first in the work of Frankfurt et al. [24] and a detailed derivation was later given in the work of Blok et al. [25] . Now we can evaluate A + σ ef f F pA . In order to do that we vary σ ef f in between 10 mb and 20 mb which agrees with most experimental studies of four-jet DPS production. In Fig. 2 we plot the ratio σ DPS pA /A σ DPS pp = 1 + 1 A σ ef f F pA as a function of A. In the absence of the second term in Eq. (1) this ratio would always be equal to unity. However, we see that a total DPS cross section for heavy nuclei in pA collisions is about 3A times bigger as a corresponding one in pp collisions. We also see that variation of σ ef f leads to significant changes in behaviour of σ DPS pA /A σ DPS pp . Such numerical estimate were first made in [23] and the enhancement ∼ 3A was later given in [24, 25, 27, 28] . It is handy to approximate a behaviour of the DPS enhancement factor σ DPS
where a second term was added to correctly describe enhancement for heavy nuclei and the coefficients C 1 -C 4 can be identified by fitting Eq. (11) to our simulations, as it is shown in Fig. 2 . This fitting may look somewhat superfluous, since computations within the Strikman & Treleani framework are not time consuming, however, its advantage will become clear later when we will discuss our Monte Carlo simulations. It is important to note that in general two terms in Eq. (1) correspond to different phase spaces and thus a factorised form of a total DPS cross section given in Eq. 
where f i (x i ) are standard collinear PDFs and D i,j (x 1 , x 2 ) are so called double parton distribution functions which give a probability to find two partons of flavour i, j with Bjorken-x'es x 1 , x 2 in a proton 3 . Assuming no correlations in x-space, Eq. (12) and Eq. (13) can be written as
We see that different constraints on Bjorken-x'es lead to different integration regions which does not let us to write a total DPS cross section as in Eq. (7) . However, the difference between two phase spaces should become relevant only for large x'es where dPDFs have relatively small values and therefore their impact on a total DPS cross section is small. The direct numerical check gives the difference which is well below the percent level and, therefore, is completely negligible.
Angantyr and MPI models
Now let us turn our attention to a Monte Carlo approach to pA collisions. Usually in this field existing Monte Carlo event generators are more "special purpose" and mostly dedicated to studies of formation and evolution of the Quark-Gluon Plasma, e.g. EPOS-LHC [53] , AMPT [54] and HIJING [55] . From the other side there are models postulating flow-like effects to have a non-thermal origin and therefore aiming to reproduce general features of pA (AA) collisions by adding a nuclear structure "on top" of existing pp models. One such model is called Angantyr [50] was recently implemented into PYTHIA8 event generator. It was inspired by the old Lund Fritiof model [60] and the DIPSY model 4 [63] [64] [65] . The production of final state particles in Angantyr is based upon PYTHIA's models for multiple parton interaction (MPI) [66] [67] [68] [69] [70] and diffractive processes [73] , [74] with certain modifications which will be explained below.
First of all let us describe the way PYTHIA treats production of particles in interactions involving one incident proton and a single nucleon as in Fig. 3 a) . In this case one could naively expect that all MPIs would be distributed according to a Poissonian distribution. This approach to MPI modelling, however, may lead to momentum violation and is in contradiction with KNO scaling [72] of charged multiplicity distributions, see review [71] . In order to solve this issues all MPIs in PYTHIA are ordered in transverse momentum as a) b) Figure 3 : A schematic representation of DPS processes in pA collision according to the Angantyr model: a) DPS occur between one incident proton and one nucleon (modelled with a standard MPI machinery). b) DPS occur between one incident proton and two different nucleons (modelled with a simplified MPI machinery and modified diffractive machinery). A zigzag line here corresponds to a Pomeron inside of an incident proton.
A probability of a first interaction to happen at a given transverse momentum dσ / dp ⊥1 σ pp ND (s) is multiplied by a Sudakov-like exponent
which ensures that no other interactions will happen in p ⊥ -range between √ s/2 and p ⊥1 . Therefore, a probability for all subsequent interactions is given by
which ensures the p ⊥ ordering. In addition to it, the MPI model of PYTHIA accounts for momentum and number conservation which implies that PDFs used for a second interaction (as well as for all subsequent interactions) will be "squeezed" and reweighted according to a history of all previous interactions in order to take into account changes in the parton content and preserve momentum conservation, see [68] . It should be noted that σ ef f does not enter explicitly into this model. More specifically a ratio σ pp ND (s) /σ ef f describes a deviation of a distribution of MPIs from a Poissonian distribution, see [44] , [68] , and review [71] . However it implies that direct comparison between predictions of MPI model of PYTHIA and DPS model of Strikman and Treleani is not possible meaning that a corresponding value of parameter σ ef f is unknown. We will come back to this issue later in Section 4.
Description of processes involving one incoming proton and two different nucleons is somewhat more complicated. In principle one should have implemented the same contribution as it is shown in Fig. 1 b) . However, in practice, incorporation of such processes into PYTHIA's framework leads to serious technical difficulties. It is possible to circumvent these issues by mimicking a second absorptive interaction as in Fig. 1 b) via nucleon-Pomeron collision as in Fig. 3 b) . Therefore, in order to simulate double absorptive process from Fig. 1 b), Angantyr will first simulate a single absorptive process via a standard pp machinery and then simulate a second absorptive process as if was produced through a single diffractive excitation, much in the spirit of the old Fritiof model. All subsequent interactions will be produced via standard pp or proton-Pomeron MPI machinery. Energy-momentum conservation is ensured when extracting the fictitious Promeron from the projectile proton, but this will not influence the PDFs of the proton, and except for the proton remnants the primary absorptive process will look exactly like a normal non-diffractive pp event.
There are several ways to produce diffractive events in PYTHIA8. The Angantyr model is based upon a model of soft diffraction of PYTHIA. For high-mass diffraction PYTHIA uses the Ingelman and Schlein model where the Pomeron is treated as a hadronic state [75] . Within this approach PYTHIA treats a proton-Pomeron collision as a normal nondiffractive hadron-hadron collision with standard MPI, initial and final state radiation machinery. Therefore, a corresponding differential 2 → 2 cross section is given by
where x P is a fraction of the target proton momentum taken by the Pomeron, β is a fraction of the Pomeron's momentum taken by the parton j and x 1 is a fraction of Pomeron's momentum taken by parton i. A diffractive mass M 2 X is therefore given by M 2 X = x P s. In the Angantyr model a Pomeron flux F (x P ) is by default taken to be a constant which implies a flat distribution in log M 2 X , although this can be changed in the settings. The hard cross sectionσ ij in Eq. (18) is the standard leading order (LO) 2 → 2 cross section which is known to be divergent for low p ⊥ values. As in the pp case PYTHIA imposes a smooth cut-off onσ ij according to
where p ⊥0 is a soft regulator which depends either on diffractive mass (for diffractive processes) or on collision energy (for standard pp processes). Nevertheless, even after a regularisation ofσ ij as in Eq. (19) , an integrated partonic cross section may exeed a total non-diffractive proton-Pomeron cross section for a given diffractive mass M X . In the MPI model of PYTHIA it is interpreted as a possibility to have several sub-scatterings in each collision with an average number
However, as it was pointed out in [49] , a modelling of single absorptive events via single diffractive (SD) events results in too low activity in pA collision. In principle, one can solve this problem either by tuning the value of σ pP ND (M X ) in Eq. 
against a corresponding distribution for standard non-diffractive pp events
we see that if in Eq. (21) we set βf j/P (β, Q 2 ) → x P βf j x P β, Q 2 , σ pP ND (M X ) → σ pp ND (s) then we get an expression very similar to Eq. (22) . Also if the energy dependence of soft regularisation inσ is changed from p ⊥0 M 2 X to p ⊥0 (s), the expression will be identical for large negative rapidities, which is what is desired.
The validity of this approach was studied in detail in [50] . In particular it was shown that Eq. (21) modified as described, provides an overall fair description of experimental data. However, all Angantyr checks in [50] were related to MPI-sensitive distributions like, for example, a charged multiplicity distribution. Indeed, such distributions are known to be very sensitive to a number of semi-hard and soft sub-collisions in a given event, see, for example, review [71] . Therefore, correct predictions for a shape of such distributions can be seen as a validation of both MPI and Angantyr models. In the next section of this paper we will switch our attention from MPI to DPS processes and perform another check of the Angantyr model. Namely, we will study how well it can reproduce predictions of Strikman and Treleani for DPS production of four hard jets in pA collisions.
Predictions of PYTHIA
Before starting to compare predictions of PYTHIA against Strikman & Treleani model several important comments have to be made. First of all, as we already mentioned in Section 3, all MPIs produced in a given event are strictly ordered in p ⊥ . This ordering may seem to be in contradiction with the Strikman & Treleani model, where the two processes are treated equal. However, here we will only consider the case of having two identical processes, so this is then just a trivial numbering issue. One should also keep in mind that, in order to derive Eq. (7), Strikman and Treleani neglected partonic correlations in x-space and assumed that both DPS I and DPS II contributions populate the same phase space region. As we have noticed in Section 2, the error due to this approximation is completely negligible. Effects due to the correlations in x-space, nevertheless, may have a sizeable impact, see [25] and [32] [33] [34] . We also should keep in mind that PYTHIA's approach to momentum and number conservation effectively means presence of non-trivial x-space partonic correlations in the MPI machinery. Finally, we need to stress that the parameter Due to the lack of triggering in the MPI machinery one will need to perform a high number of generation calls in order to collect a good statistics for a four-jet DPS production, since a second MPI will most of the time occur at too low scale to be considered as a hard interaction 5 . Therefore, we evaluate σ DPS pA according to a following algorithm:
• Find a total weight w tot pA for all events produced in pA collisions and a corresponding total cross section σ tot pA .
• Find a total weight w DPS pA of all events which satisfy a given set of cuts.
• Find a total DPS cross section in pA collisions σ DPS pA from the ratio
• Repeat the same for pp collisions. Find a corresponding total DPS cross section σ DPS pp .
• Evaluate σ DPS pA /Aσ DPS pp .
In principle, pA machinery of PYTHIA allows a user to implement any isotop with given values of Z and N . Eight nuclei: 4 He, 6 Li, 12 C , 16 O, 63 Cu, 129 Xe, 197 Au and 208 Pb are available by default. Since a computation of a total DPS cross section according to the algorithm above can take tens of hours (depending on a chosen nucleus and a system performance), we decided to work only with already implemented nuclei and use a fit as in Eq. (11) for better visualisation of our results and for comparison against Strikman & Treleani model.
Our results for σ DPS pA /Aσ DPS pp are given in Tab. 2. In our simulations we were triggering on events with at least four jets with p ⊥ > 20 GeV. We have also performed a stability check by varying a parameter Angantyr:SDTries controlling the maximum number of attempts allowed to add a secondary absorptive sub-event (as in Fig. 3 b) without violating energymomentum conservation. By comparing values of σ DPS pA /Aσ DPS pp evaluated at different values of SDTries parameter, we see that fluctuations of σ DPS pA /Aσ DPS pp do not exceed a few percent level.
A comparison against Strikman & Treleani model is given in Fig. 4 and Tab. 1. The PYTHIA set-up we have used is given in Appendix A. In order to compare our results against Strikman & Treleani model we have tuned σ ef f in order to get an agreement in the value of the DPS enhancement factor σ DPS pA /Aσ DPS pp for 208 Pb. We see that by choosing σ ef f = 11.3 mb we can get a satisfactory agreement between both models for heavy isotopes 129 Xe, 197 Au and 208 Pb.
It could be tempting to interpret our simulations as a fake data and to use Eq. (7) for a fitting procedure to extract a value of σ ef f out of it. However, due to the differences between the models, such an interpretation would not be very relevant. For example, as it was shown in [25] , perturbative splittings of initial state partons lead to additional DPS contributions which have different importance for different nuclei. Whereas the MPI model of PYTHIA partially accounts 6 for processes shown in Fig 5, incorporation of such terms in the Strikman & Treleani framework is a non-trivial task, see [76] and [77] . 5 PYTHIA8 allows to generate always two hard interactions in a given event by setting SecondHard:generate = on. However, usage of this flag together with Angantyr is not supported and will lead to wrong results. 6 Namely, it accounts only for a gluon splitting of a type g → qq, for details see [68] . Table 2 : PYTHIA: predictions for enhancement factor for DPS in pA collisions at √ S N N = 5 TeV (10 7 PYTHIA calls). a) b) Figure 5 : A schematic representation of some possible "1v2" DPS processes in pA collision: a) A "1v2" splitting occur in the incident proton before two hard interactions take place. b) A "1v2" splitting occur in a nucleon before two hard interactions take place. b y Figure 6 : A schematic representation of a BFKL evolution of a gluon cascade in rapidityimpact-parameter space.
Enhancement of the DPS cross section in pA collisions
In the previous simulations we were triggering on events with at least four jets with p ⊥ > 20 GeV without imposing any cuts on their rapidities. However, it is known that activity in pA collisions depends on rapidity of produced particles in a non-trivial way. Namely, as it was observed by the first time by Busza et al. [59] , the charged multiplicity distribution dN ch /dη in pA collisions grows for the negative values of η (assuming that the nucleus A is located in the negative direction of the η-axis). There are several explanation of this phenomenon. For example, it can be explained by a BFKL evolution of a gluon cascade in rapidity-impact-parameter space, as it is sketched in Fig. 6 , where a probability to have several absorptive interactions grows in a direction of a nucleus. The same result can be explained by the original non-perturbative "wounded nucleon model" [56] [57] [58] (which is also the basis of the Fritiof program). These effects are also implemented in the the Angantyr model of pA collisions which, to some extend, can be seen as a perturbative version of the "wounded nucleon model" which includes MPIs produced according to Eq. (21) with modifications described in Section 3. As it is shown in [50] the Angantyr model correctly describes the aforementioned enhancement. Since the particle production in Angantyr relies on the MPI model of the PYTHIA event generator the charged multiplicity distribution should be correlated with production of (mini-)jets. More precisely, the growth of charged multiplicity dN ch /dη for negative η values in Angantyr model is inextricably connected with growth of a number of sub-scatterings in a given event, see Eq. (21) and Eq. (22) . Therefore, it is natural to assume that in the Angantyr model probability to generate an event of a DPS II type will depend on η in a way similar to a dN ch /dη distribution. In order to check this we evaluate σ DPS pA /Aσ DPS pp for events with at least four jets with p ⊥ > 20 GeV and at least one jet with a pseudo rapidity value smaller 7 than a certain value η cut . Obviously, additional η cuts will reduce the total DPS cross section in pp and pA collisions. Nevertheless, one could expect that the total DPS cross section in the pA case will decrease much slower than corresponding one in the pp case. As a consequence, the enhancement factor σ DPS pA /Aσ DPS pp will grow since in the Angantyr model probability to generate a processes of DPS II increases at small negative values of η.
The results are presented in Fig. 7 . In order to study how the DPS enhancement factor σ DPS pA /Aσ DPS pp depends on rapidity cuts we have used the same set-up as before but with additional cuts η cut = −1, η cut = −2 and η cut = −3. We see that indeed the ratio σ DPS pA /Aσ DPS pp demonstrates a strong dependence on the value of η cut . The experimental verification of the growth of the DPS enhancement factor σ DPS pA /Aσ DPS pp due to the additional rapidity cut predicted by the Angantyr model could, in principle, provide a better way to control the fraction of double absorptive processes shown in Fig. 3 b) .
Conclusions
We have demonstrated that the Angantyr model of pA collisions in PYTHIA8 predicts an Adependence of a DPS enhancement factor σ DPS pA /Aσ DPS pp which agrees with the one predicted in a pioneering work of Strikman and Treleani [23] at a qualitative level. This result can be seen as an additional validation of the Angantyr's approach to double absorbtive processes described in Section 3. From the other side, a correct A-dependence means that, apart from "standard" applications, one can use Angantyr for standalone studies of DPS in pA collisions. In this case a potential user can benefit not only from evaluation of a total cross section, but also from the most of entire PYTHIA machinery like initial and final state radiation, colour reconnections etc. Furthermore the availability of a full event generator will allow for a realistic estimate of the effects of the underlying event and other issues associated with the experimental measurements of jets.
We also have studied how (pseudo) rapidity cuts affect the number of MPIs in a given event and therefore a behaviour of σ DPS pA /Aσ DPS pp . The growth of σ DPS pA /Aσ DPS pp is a natural consequence of (pseudo) rapidity dependence of activity in pA collisions built into the Angantyr model. This behaviour was inspired by a DIPSY model and is essential to get a qualitative agreement with available experimental data on pA collisions, see [50] .
We also argue that, due to the various conceptual differences between Angantyr and Strikman & Treleani models one should not expect to get an exact agreement between their predictions. A complexity of the problem of DPS in pA collisions requires a detailed study of various non-trivial effects like partonic correlations, cold nuclear matter effects and additional DPS contributions, as it was pointed out in [25] . Therefore, in the absence of experimental studies of DPS in pA collisions, a comparison between predictions of Angantyr and improved Strikman & Treleani model may help us to identify key ingredients essential for correct modelling of DPS in pA collisions. Recently, the improved model of Strikman & Treleani was proposed by Alvioli et al [78] . In particular it accounts for colour fluctuation effects and allows to compute the DPS cross section as a function of centrality. The latter is crucial for the experimental studies of the DPS phenomena in pA collisions. Therefore, we argue that, in the absence of experimental measurements of DPS in pA collisions, the detailed comparison between Angantyr's predictions can be beneficial for better understanding of the DPS phenomena in pA collisions.
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